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Abstract 
Solving a problem by Arkhangel’skii, we construct a linear continuous open surjection 
L : C,(X) --) C,(Y) for compacta X and Y with 0 < dim X < dim Y < co. An example 
of nonopen linear continuous surjection of the space C,[O, I] onto itself is given. Related topics 
and results are discussed. 0 1997 Elsevier Science B.V. 
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1. Introduction and preliminaries 
Throughout the paper ail topological spaces are assumed to be metrizable compact 
spaces (= compacta), and C,(X) denotes the space of continuous real-valued func- 
tions on X equipped with the topology of pointwise convergence. The usual (Lebesgue) 
dimension of a compactum X is denoted by dimX. 
Refining Graev’s technique [7], Pavlov&ii [ 121 proved the following important result: 
Theorem 1.1. Let L : C,(X) --+ C,(Y) be a linear isomorphism for compacta X and 
Y. Then dim X = dim Y. 
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This theorem was subsequently extended by Pestov [ 131 to arbitrary completely regular 
spaces X and Y. A further very impressive strengthening was obtained by Gul’ko [5]: 
the same conclusion remains true for uniform homeomorphisms of function spaces. 
Motivated by these results, Arkhangel’skii [l] suggested the following natural prob- 
lems. 
Problem 1.2 [ 1, Problem 10461. Assume that C,(X) can be mapped by a linear contin- 
uous mapping onto C,(Y) for compact spaces X and Y. Is it true that dim Y < dimX? 
Problem 1.3 [l, Problem 10471. Assume that C,(X) can be mapped by a linear con- 
tinuous open mapping onto C,(Y) for compact spaces X and Y. Is it true that 
dim Y 6 dim X? 
It was shown by Leiderman, Morris and Pestov [lo] that the answer to Problem 1.2 
is negative even for Euclidean cubes. 
Theorem 1.4 [lo]. For every$nite-dimensional compactum X there exists a linear con- 
tinuous surjection L : C,[O, l] + C,(X). 
In this note we give the negative answer to Problem 1.3. More exactly, we prove 
Theorem 1.5. For every jinite dimensional compacturn Y there exists a 2-dimensional 
compacturn X that admits a linear continuous open surjection from C,(X) onto C,(Y). 
Following [lo], our approach employs basic embeddings. By $ we denote the free 
topological sum. R, II and N stand for the set of real numbers, the unit closed interval 
[0, l] and the set of natural numbers, respectively. 
Definition 1.6. Let Xi, i = 1,2,. . , n, be compacta. A closed subset Y c ny’_, Xi is 
said to be basic if for every g E C(Y) there exist fi E C(Xi) such that 
g(y) = h(a) + f2(22) + . . . + fn(xCn) for every Y = (21, x2,. . . ,x,> E Y. 
Let Y c ny=, Xi, and let X = @FE”=, Xi. Clearly, C(X) S nT=“=, C(X,), and we can 
define L: C(X) + C(Y) by 
L(f)(Y) = fl (Xl I+ f2(x2) + . . . + fn(%) 
where f = (fi, f2,. . , fn) E C(X) and y = (51, ~2,. ,x,) E Y. It is easy to see that 
L is a linear and continuous operator for both sup-norm and &-topologies on function 
spaces and that L is surjective whenever Y is basically embedded into n&i Xi. We call 
L the canonical linear surjection. 
In this fashion, basic embeddings provide us with a tool for constructing linear con- 
tinuous surjections. The proof of Theorem 1.4 is based on the following result (which 
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generalizes the dimensional aspect of the well-known Kolmogorov superposition theo- 
rem): 
Theorem 1.7 (Ostrand [l 11). Every n-dimensional compactum can be basically embed- 
ded into [0, 1]2nf’. 
In this note we observe for the first time that in general, linear continuous surjections 
of (&-spaces fail to be open. In the end of Section 2 we prove 
Theorem 1.8. There exists a linear continuous surjection of C,[O, l] onto itself that is 
not open. 
In view of Theorems 1.4 and 1.8 the following open question seems to be very inter- 
esting: 
Problem 1.9. Is the canonical linear surjection open for every basic embedding? 
In this article we answer this question in the affirmative for basic embeddings into the 
product of two spaces. 
The following result plays the key role in our paper and allows us to give the negative 
answer to Arkhangel’skii’s Problem 1.3. 
Theorem 1.10. Let XI and X2 be compacta and let Y c XI x X2 be a compact basic 
subset. Then the canonical linear surjection L : C&(X, $ X2) + C,(Y) is open. 
In the sequel we will also need the following. 
Theorem 1.11 (Sternfeld [16]). Every n-dimensional compactum, n > 2, can be basi- 
cally embedded into the product of n + 1 one-dimensional compacta. 
Theorem 1.4 strongly suggests that X in Theorem 1.5 can be replaced by the unit 
closed interval [O, l] but we do not know even whether dimX can be reduced to one or 
not. In this direction we prove the following: 
Theorem 1.12. For every natural n 3 1 there exist n-dimensional compactum Y and 
one-dimensional compactum X such that C,(X) admits a linear continuous open sur- 
jection onto C,(Y). 
Note that Theorem 1.12 applies to hereditarily indecomposable continua, and a linear 
surjection constructed in this theorem is composed using a finite family of canonical 
linear surjections (cf. Definition 1.6). 
Proofs are presented in Section 2. In Section 3 we establish a relationship between 
linear continuous surjections of the spaces C,(X) and embeddings of the free locally 
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convex spaces L(X). This enables us to reformulate results of Section 1 in terms of 
embeddings and to prove that in Theorem 1.5 dimX cannot be reduced to zero. 
Theorem 1.13. Let T : C,(X) ---f C,(Y) be a linear continuous surjection for compacta 
X and Y. Then dim Y = 0 whenever dim X = 0. 
2. Proofs 
Proof of Theorem 1.5. Let us show firstly how Theorem 1.5 can be derived from 
Theorem 1.10. Assume that Y is an n-dimensional compactum, n > 2. By Theorem 1.11, 
there exists a basic embedding Y c fl,n=‘,’ Zi with one-dimensional compacta 2,. Set 
Xi = 21 x 22 and Yi = ny_‘?’ Zi. It is known that for every compacta 21, 22 with 
dim21 = n and dim 21 = 1 we have dim(Zi x 22) = n + 1 [8]. (The proof of this 
fact also can be recovered from [4, 1.9.E].) Clearly, it implies that dimXi = 2 and 
dimYi = n - 1. It is equally easy to check that the induced embedding Y c Xi x Yi is 
basic. Therefore, by Theorem 1.10 the canonical linear surjection 
L : Cp(Xl 63 Yl) -+ C,(Y) 
is open. 
Replacing Y by Y1 in the above construction and proceeding by induction on n, we 
construct 2-dimensional compacta XI, X2, . . , X,-Z such that CP(@yLi2 Xi) admits 
an open continuous linear surjection onto C,(Y), and Theorem 1.5 follows. (The last 
compactum X+2 may happen to be one-dimensional.) 0 
Proof of Theorem 1.10. Denote by pi : Y + Xi the projections, i = 1,2. Henceforth, 
without loss of generality we can assume that pi(Y) = Xi, i = 1,2, because the 
restriction mapping C, (2) --t C,(Y) for compacta Y C 2 is always open. 
Let ui,u2,. . ,a~ E Y. We say that (al,. . , a~) forms a chain of length 1 in Y if it 
satisfies either condition: 
(type 1): 
P2(@) =p2(a2), pl(a2) =pl(a3), $‘2(a3) =p2(a4), . ..> 
~lmod2(~l-l) = Plmod2(al), 
or 
(type 2): 
pl(al) =?‘l(a2), p2(a2) =P2(a3), pl(a3) =Pl(a4), ‘..> 
&I-l)mod2(%1) = P(1--l)mod2(“l)r 
where (2i) mod2 = 2 and (2i - 1) mod2 = 1. 
To avoid the trivial cases of chains with arbitrarily large length we call a chain 
(a,a2,... , al) nontrivial if ui # ui+i for every i = 1, . . . ,I - 1. Examples of chains 
(that do not cover all possibilities) are shown in Fig. 1. 
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Fig. 1. Examples of chains. 
al = a7 a6 
The proof of Theorem 1.10 is based on the following result which is in fact formulated 
(in slightly different terms) and proved in Stemfeld’s work [15, p. 141. 
Theorem 2.1. Let X1, X2 and Y c X1 xX2 be compacta. Then Y is basically embedded 
into Xl x X2 if and only if there exists an integer k = k(Y) such that the length of 
every nontrivial chain in Y is bounded by k. 
In order to give to the reader some geometric idea, let us mention that, in particular, 
if Y c Xi x X2 is basically embedded then Y does not contain any cycles (for instance, 
similar to the chain of the type 2 showed in Fig. 1). 
Return to the proof of Theorem 1 .lO. We say that a chain (al, ~22, . . , al) connects the 
points a and b if al = a and al = b. Define an equivalence relation on Y as follows: 
a N b if a and b can be connected by a chain in Y. It is easy to verify that - is indeed 
an equivalence relation. Denote by C(a) the equivalence class of a. We claim that C(a) 
is a closed subset of Y for each a E Y. 
Note that, if a # b are connected by a chain (ai, ~2, . . , al) (not necessarily nontrivial) 
then we can choose a nontrivial subchain (ui,, uia,, . , ait), 1 < ir < i2 < . . < 
it < 1 that also connects a and b. Suppose that ,bj N a, j = 1,2,3,. . . , and b = 
lim,,, b, . Choose nontrivial chains Aj = (a:, ai, . . . , ~6, that connect points a and 
bj. By Theorem 2.1, lj < k(Y). Taking a subsequence of bl, bz, . . . , if necessary, we 
may assume without loss of generality that all chains Aj have the same length tJ = 1 
and the same type. Due to compactness of Y, we may also assume that limj,, u;Z = ui 
for all i = 1,2, . . , 1. Clearly, b = al and a = al, and since all Aj are of the same type 
we conclude that (ai , . . , al) is a chain (not necessarily nontrivial) and so 6 E C(a), 
that is, C(a) is closed. 
It is easy to check that 
(i) if C is an equivalence class (and hence any union of equivalence classes), then 
C = (p;‘pi(C)) n Y, i = 1,2. 
Let Fi c Xi, i = 1) 2, be finite subsets. Since p,(Y) = Xi, i = 1,2, we can add to PI 
and F2 finite number of points in such a way that the enlarged sets Xt > F,, i = 1.2, 
and the set Y* = Y n (X; x X;) satisfy the properties 
(ii) pi(Y*) = X,*, i = 1,2; 
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(iii) every pair of points in Y* that can be connected by a chain in Y can be also 
connected by a chain in Y*. 
Set 
Hx = {(ft,f2): fi E C,(Xi), fi(~) = 0 for every z 6 X,*, i = 1,2} 
c C,(Xl) x C,(Xz) 
and 
Hy = {f: f E C,(Y), f(y) = 0 for every y E Y*} c C,(Y). 
Let L: C,(Xl) x C,(X2) + C,(Y) be the canonical linear surjection. We claim that 
L(Hx) = Hy. 
Before proving this, let us show how this last claim implies Theorem 1 .lO. Take in 
%(X1) x G(X ) 2 a b asic open neighbourhood of the zero function 
V(F1,F2,E) = {(f1,f2): fi E C,(X,), )fi(2)) < E for every 2 E I$, i = 1,2}. 
Evidently, V(X;,X,*,&) c V(Fl, F~,E). Since V(X;, Xi,&) is open in the normed 
topology and L is a continuous linear operator from the Banach space C(Xt @ X2) onto 
the Banach space C(Y), the image L(V(X;, Xi, E)) is open in the normed topology. It 
means that there is some 6 > 0 for which L(V(X;, Xi, E)) contains all functions from 
C(Y) with the norm < 6. The assumption L(Hx) = HY easily implies that 
V(Y*, 6) = {f: f E C,(Y), (f(y)1 < S for every y E Y*} c L(V(X;, Xl,6)) 
and L is an open mapping. 
Our aim now is to show that Hy 5 L(H x since the converse inclusion is obvious. ) 
Fix any f E Hy That means f(y) = 0 for every y E Y*. Let a E Y * and let C c Y 
be the equivalence class of a. Put Ci = pi(C), i = 1,2. We will construct functions 
f,” : Ci ---f R satisfying 
(iv) fp(z)=Oforz~X[nC,,i=1,2,and 
(v> f(y) = f,“(n) + f,“(m) for Y = (x1,52) E C. 
Since C is basically embedded into Ct x Cz, there exist fi : Ci ---f lR such that f(y) = 
f1(51)+f2(~2) fory = ( 21, ~2) E C. Define f%c(z) = fi(.Z) - fi(pi(a)). Then (v) holds 
because f(u) = 0 and a E C. 
Now let us check (iv). Let 2 E X: n C,. Then by (i) and (ii), there exists b E Y* n C 
such that IC = pi(b) an we have to show that j’%G(pi(b)) = 0. By (iii), there exists a d 
chainA=(at,... , al) in Y* that connects the points a and b, that is, a = at and b = al. 
Clearly, uj E C for every j. One can easily deduce from (v) that 
(1) if A is a chain of the type 1 then 
f,“(pt(~)) = .f,“(pt(at)) - f(at) + f(o2) + ... + (-L)tf(~) and 
f,“(P2(4) = f,“(P2(@)) - f(a2) + f(a3) + . . . + (-v+‘f(al); 
(2) if A is a chain of the type 2 then 
f,” (PI (4) = f,” (PI (~1,) - f(a2) + f(a3) + . . + (-U1+‘fh) and 
f,“(P2(Q)) = f2” (P2b)) - f(w) + f(a2) + . . . + (-l)V(a). 
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Recall that f(aj) = 0 for aj E Y*. Hence 
f,“(~~(b)) = .F(pi(al)) = P(pi(ai)) = f,“(pi(a)) = 0 
and (iv) follows. 
Since Y* is finite, it can be covered by a finite number of equivalence classes. By (i), 
different equivalence classes have disjoint images under the both projections pt and pz. 
Constructing f,” independently for every equivalence class C intersecting Y* and then 
coalescing them, we may assume that (iv) and (v) hold for larger sets (for which we will 
preserve the same symbols) 
C = U{ D: D is an equivalence class meeting Y*} 
and Ci = p, (C), i = 1,2. Note also that in the new notation Xt c C,. 
Choose extensions fzT of _f,” from Ci to Xi and set fY (y) = f y (51) + ft (Q), 
where y = (zi,z~) E Y. By (v). f(y) - fY(y) = 0 for y E C. Let rr : Y --f Y/C 
and ri : Xi -+ Xi/Ci be the quotient mappings. By (i), we can identify Y/C with 
(V x ?)(Y) c (Xl/G) x (X2/(72). 
The quotient space Y/C is basically embedded into (Xi /Cl) x (X2/C*). Indeed, by (i), 
every nontrivial chain that starts at {C} E Y/C consists of a single point. Also (i) implies 
that a chain that starts at a point of Y\C does not pass through {C} E Y/C and hence 
remains a chain with respect to the embedding of Y into Xi x X2 of length bounded 
by k(Y). Therefore, k(Y/C) < k(Y) an according to Theorem 1 .lO, the embedding d 
Y/C c (X,/Cl) x (X*/C,) is basic. 
Define g E C(Y/C) as follows: g(p) = f(y) - fY(y) if y E Y\C, and g(y) = 0 
if y = {C}. The function g is continuous because by (v), f(y) = fY(y) for y E C. 
Represent g as g(y) = yi(zi) + gz(z2) with gl({Ci}) = gz((C2)) = 0, where 
!/ = (0152) E y/c c (Xl /Cl) x (X2/C2). 
Denote f,” = gi 0 rri, i = 1,2. It is easy to see that S(y) - fY(y) = fy(z1) + f,“(~) 
for y = (x1,x2) E Y c Xi x X2. Set fz = f,” + f,“, i = 1,2. Then L(fi, f2) = f. 
Clearly, f,“(Z) = gi({Ct}) = 0 f or IC E Xp c Ci. By (iv), fzT(z) = 0 for z E X:. 
Hence fi (z) = 0 for z E Xf . Therefore, (fl , fz) E Hx and we are done. 0 
Proof of Theorem 1.12. Our construction applies to hereditarily indecomposable con- 
tinua. 
Definition 2.2. A continuum (= connected compactum) is indecomposable if it can- 
not be represented as an union of two proper subcontinua. A continuum is hereditarily 
indecomposable if each of its subcontinua is indecomposable. 
Bing [3] showed that n-dimensional hereditarily indecomposable continuum Y exists 
for any finite dimension n. According to the classical Hurewicz’s theorem [9] the set 
of light (= O-dimensional) mappings of Y into n-dimensional cube II” is a dense Ga- 
set in the space of all continuous mappings C(Y, P). Let us fix a light mapping g = 
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(91, ‘. . ,gn):Y -+ R”, where gi : Y -+ R. (We recall that a mapping is called light 
if all its fibers are O-dimensional, and a mapping is called monotone if all its fibers 
are connected.) Denote by $1 = 91 : Y -+ R and $2 = (92,. . . , gn) : Y -+ RF’. Let 
q$ = hi ofi be monotone-light compositions of & where fi are monotone and hi are light 
mappings for i = 1,2. It is easy to see that the image of a hereditarily indecomposable 
continuum under a monotone mapping is also hereditarily indecomposable. Therefore, 
Xi = fi(Y), i = 1,2, are hereditarily indecomposable compacta. Since hl : Xl --+ IR 
andh2:Xz+iRn-’ are light mappings, by Hurewicz’s theorem on dimension-lowering 
mappings [4, Theorem 1.12.41, dimXi < 1 and dimX2 < n - 1. 
Following [14], we will show that f = (fl , f2) : Y ---f X1 x X2 is a basic embedding. 
Evidently, y E f-‘f(y) = fi_‘f~(y)~f~‘f~(y) f or each y E Y. Since X is a hereditarily 
indecomposable compactum and fi are monotone mappings, we have either f-‘f(y) = 
.K’fi (Y) or f-‘f(y) = f;‘.f~(y). H ence f is a monotone mapping. On the other hand, 
f is light because mapping  is light and g = ho f, where h = (h,, h2) : X1 x X2 -+ IL??. 
Thus f is both light and monotone and therefore an embedding. 
We claim that Y contains no nontrivial chains of length 3. Assume, for example, that 
(ui, ~2, as), ai E Y be a nontrivial chain of type 1, that is, fz(ul) = fz(u2) and fi (~2) = 
fi (~3). Then ~2 E f;‘f2(~) n f,-‘f1(~3), and since Y is hereditarily indecomposable 
and fi are monotone, we have either f;‘fz(ui) c f,-‘fl (as) or fi-‘fi (~3) c f;‘f~(ul). 
One can easily see (cf. Fig. 1) that for nontrivial chains of type 1 such a situation is 
impossible. A similar argument applies to the chains of the type 2. 
By Theorem 2.1, f is a basic embedding. Then, according to Theorem 1.10, the 
canonical linear surjection from C, (Xi) x C, (X2) onto C,(Y) is open. Now we proceed 
by induction on dim X2 and define X as a free union of n 1 -dimensional compacta, which 
finishes the proof. 0 
Proof of Theorem 1.8. Define a mapping T : Cp[O, l] + C,[O, I] as follows: 
Tf(z) = 2f(z) - f(2/2 + l/2). 
It is clear that T is linear and continuous. Our aim is to compute the inverse mapping 
T-‘. Denote by S the mapping f(x) H f(2/2 + l/2). It is easy to see that 
Therefore, 
5’ f( s+2n-1 2n T 2” 7L=O > = 2.0x) - $( 
As f(x) is continuous, the series converges and 
e$T,(x+;;-l) =2f(x). 
n=O 
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It means that T-’ is defined by 
211 
T-‘g(x) = e l ,g(:‘+;; - 1). 
n=O 2n+ 
The latter series converges uniformly to a continuous function because g(z) is bounded 
by its sup-norm. Denote 
AIf = {f(z) E C[O, 11: f(0) = o}, 
L= {g(x) EC[O,l]: F&g(T) =o}. 
n=O 
Theorem 3.1. For compact spaces X and Y the following conditions are equivalent. 
(9 
(ii) 
(iii) 
The free locally convex space L(Y) embeds into L(X) as a closed locally convex 
subspace. 
The free locally convex space with the weak topology, L,(Y), embeds into L,(X) 
as a closed locally convex subspace. 
The linear topological space C,(Y) is an image of C,(X) under a linear con- 
tinuous open surjection. 
Then M is a closed linear subspace of C,[O, 11, L is a dense linear subspace of C,[O, l] 
and T(M) = L, T(C,[O, l]\M) = C,[O, l]\L, w IC means that T maps an open set h’ h 
onto a codense set. •I 
Similarly one can prove the following more general statement: 
Proposition 2.3. Let X be a completely regular space and h: X -+ X be a contin- 
uous mapping such that the orbit of at least one point is injinite. Then the mapping 
T: C,(X) + C,(X) defined by Tf(z) = Xf(z) + f(h(z)) is a linear continuous 
nonopen surjection for each 1x1 > 1. 
3. Remarks on free locally convex spaces 
For a completely regular topological space X denote by L(X) the free locally convex 
space of X [6]. The closed topological subspace X forms a Hamel basis in L(X) and 
every continuous mapping f from X to a locally convex space E lifts to a continuous 
linear operator f : L(X) + E. By LP(X) we denote L(X) endowed with its weak 
topology. 
It is well known that the weak dual space to L(X) is canonically isomorphic to 
the space C,(X) and the spaces L,(X) and C,(X) are in duality. Consequently, for 
every linear continuous surjection T : C,(X) + C,(Y) the dual mapping T* : L,(Y) ---f 
LP(X) is an embedding of locally convex spaces and vice versa, each embedding of free 
locally convex spaces induces a linear continuous surjection of the spaces C,(X). 
The following was in fact proven in [lo]: 
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In view of this, all results of Section 1 have their counterparts in terms of embeddings 
of locally convex spaces. They can be briefly summarized as follows. 
Corollary 3.2. There are compacta X and Y such that 0 < dim X < dim Y < 00 and 
L(Y) embeds into L(X) as a closed locally convex subspace. 
Corollary 3.3. The free locally convex space L[O, l] is isomorphic to a nonclosed locally 
convex subspace of itself: 
Our next result explains why in Theorem 1.5 and Corollary 3.2 dimX cannot be 
reduced to zero. 
Theorem 3.4. Let T : C,(X) --) C,(Y) be a linear continuous surjection for compacta 
X and Y. Then dim Y = 0 whenever dim X = 0. 
Proof. The dual mapping T” embeds L,(Y) into LP(X), and therefore the compactum 
Y is homeomorphic to a subspace of LP(X). For each natural n E N consider the 
subspace B,(X) of LP(X) formed by all words of the reduced length < n over X, and 
let A,(X) = B,(X)\B,_l (X) be the subspace of all words of the reduced length n. 
The following is well known [12] (see also [2]): Let z = Cr=, aizi E An(X). Then 
the family of all sets of the form EYE”=, OiUt, where ai E Oi, xi E Ui, sets Oi are open 
in IR’ = R\(O), sets Ui are open in X and Vi n LJj = 0) for i # j, i,j = 1,2,. . . ,n, 
forms an open base at z in B,(X). 
As a consequence, B,(X) is closed in L,(X), and A,(X) is homeomorphic to the 
subspace (JR*)” x (Xn\&) of the Tychonoff product (lR*)n x Xn, where 
& = {(xi,. . . ,2,) E X”: 2i = xj for some i # j}. 
Obviously, A, is closed in the compactum Xn, hence il, is a Gd-set in X” and A,(X) 
is a F,-set in LP(X). It means that Y can be represented as a countable union of closed 
(and hence compact) subspaces K, i E N, such that each Y, is homeomorphic to a 
subspace of (IR*), x X” for some n = n(i). 
Consider the projections pi of each of the above pieces Y, C (IR*)n x X” to the 
second factor X”. Then pi is a closed mapping defined on the compactum Y$. The 
surjectivity of the linear mapping T implies that p : Yi + Xn is a finite-to-one mapping. 
Evidently, dim(X”) = 0 if dimX = 0, and therefore dimYi = 0 by the theorem on 
dimension-lowering mappings [4, Theorem 1.12.41. Finally, Y is zero-dimensional, being 
a countable union of zero-dimensional closed subspaces Yi [4, Theorem 1.3.11. 0 
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